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Simulations of Water Wave Generation caused by Running Hydrofoil

by means of Wave-making Green’s Function due to 2-D Vortex

by Tsutomu HORIT and Manami HORI f+

Summary

This paper conducts wave-making simulations for hydrofoils running at high speeds. The
analysis is performed by constructing a wave-making Green's function due to a two-
dimensional vortex filament by means of Fourier transform method. We adopt the developed
Green’s function as the kernel function, and approach the problem using the boundary
element method. The Green’s function is numerically computed by switching between three
expansion forms, namely, Taylor expansion, continued fraction expansion, and asymptotic

expansion, depending on the case.

Simulation calculations are performed on the lift and wave-making resistance acting on
the hydrofoil, the generated wave profile, the flow velocity vectors and the pressure
distribution around the hydrofoil. As a result, we gained concrete findings for the
dependencies of wave-making phenomena upon the wing shape, forward speed, submerged

depth, angle of attack and other factors.

Keywords : Simulations, Water Wave Generation, Running Hydrofoil,

Wave-making Green’s Function, 2-D Vortex

1. Introduction

In recent years, hydrofoils have been increasingly attached on high-speed ships and oceanographic
towed vehicles. Quantitatively understanding of the wave-making phenomena @ @.®) which are
generated when these hydrofoils run at high speeds near the water surface, is considered an important

issue for evaluating their hydrodynamic performance.

In view of this situation, this paper conducts wave-making simulations for hydrofoils running at high
speeds. The analysis is performed by constructing a wave-making Green's function due to a two-

dimensional vortex filament by means of Fourier transform method. In the numerical calculation of
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Green’s function, Taylor expansion is basically used, and in addition, continued fraction and asymptotic
expansion are used in combination depending on the case. We adopt the developed Green’s function as

the kernel function, and approach the problem using the boundary element method.

Simulation calculations are performed on the lift and wave-making resistance acting on the hydrofoil,
the generated wave profile, the flow velocity vectors and the pressure distribution around the hydrofoil.
As a result, we gained concrete findings for the dependencies of wave-making phenomena upon the wing

shape, forward speed, submerged depth, angle of attack and other factors.

Although these results are for two-dimensional wings, we believe some aspects may serve as
foundational data for future hydrofoil research. We hereby report these findings and respectfully

request the critique of experts in the field.

2. Wave-making Green's Functions due to 2-D Vortex Filament

Let us set up the boundary value z

problem for a two-dimensional A
running hydrofoil. As shown in

Fig. 1, a hydrofoil of chord length ¢ {
is placed in a uniform flow of velocity ; AN /r_\ - X

U with free surface and fluid density
p at the submerged depth f and U

angle of attack «. Then, a Cartesian

coordinate system places the origin o

on the still water surface directly

above the mid-chord of the hydrofoil Fig.1 Coordinate system and definitions of some

L. . . basic quantities in the problem of hydrofoil.
and sets the x-axis in the direction of

uniform flow and the z-axis pointing vertically upward.

2.1 Boundary value problem
The velocity potential @ of the wavy flow field generated by a hydrofoil is composed by superposing

the potential of the uniform flow and the disturbed potential ¢, as follows :

dj(x’ Z) = UX+¢(X, Z) ...................................................... (1)

Below, we consider the conditions that this disturbed potential ¢ must satisfy. First, as the
governing equation based on the continuity condition in the flow field, the Laplace’s equation for ¢ must

be satisfied in the entire region below the water surface, as follows :

TG 0P ) (for 2L EY e,
[L] W‘Fg = 0 (.fOV ZS?) (2)

Here, ¢ represents the displacement of the generated wave.
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Next, assuming the linear free surface condition for the water surface z=¢", the following equation

1s imposed on the still water surface z=0.

[F] 62—¢+K @+,u@=0 (on z=0)
X X

ax* Yoz o
g T R PR P TR (3)
K‘O_—2=
where, U Fnc
“—>+0

In the above equation, «, is the wave number, F» is the Froude number defined by Eq. (61) later and
g is the gravitational acceleration. And x is Rayleigh's virtual friction coefficient, by which

mathematically satisfies the radiation condition that no waves are generated upstream.

Furthermore, based on the assumption of infinite water depth, it is required that disturbance vanishes

at the bottom of the water, as follows :

On the other hand, the boundary condition on the wing surface requires that the normal directional
component of the flow is zero. Since it is written as (Ui+V¢)-n=0 if the outward-pointing unit normal
vector on the wing surface is denoted by m=n_i+n k , the disturbed potential ¢ must satisfy the

following equation :

0 O s Un e
[H] 8an+aznZ_ Un, 6))

In addition, at the trailing edge of the wing, the following conditions must be satisfied so that the flows

on the face and back of the wing join smoothly :

[K] Kutta CO”ldlthl’l (at Tmzlmg Edge) ........................................ (6)

In the analysis, the wave-making Green's function G due to a two-dimensional vortex filament,
satisfying the above conditions [L], [F] and [B], is constructed in the next section. Then, the disturbed
velocity potential ¢ is formed by placing n clockwise vortex filaments of strength /7, discretely on the

wing surface (&;,—f;), as follows :
l n
P(x, Z)=——ZFjG(x,Z;§j,—fj) .......................................... (7)
27 3

At this time, the induced velocity in the direction of x and z can be computed respectively by using the

following equation :
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% _ _L ir aG(x) z; §j:_ﬂ)

Ox 2z 43 oD S (8)
1 &, 0GkziES)

oz 27 3 / oz

The boundary value problem is solved by numerically determining the vortex strength /", using the

method described in Chapter 3, such that the boundary condition [H] on the wing surface is satisfied.

2.2 Construction of wave-making Green's function

As shown in Fig. 2, the wave-making Green's function G of a counterclockwise two-dimensional vortex

filament of strength /"= —27 placed at position (£,—f) with submerged depth f'is constructed in the
following form® :

G(x,z) = 0 +G'(x,2)
= tan_] ﬂ

+G'(x,2;4,-f)

------------------------------------------

The principal solution @ can be formally expressed as a Fourier integral for the region z+ >0
including the water surface, as follows :

0 = tan™ z+f _ Im J‘ " ok k(=) dk
- g ’ k z+f>0

Here, Im[---] means taking the imaginary part inside the brackets.

Corresponding to the above equation, the regular part G' is also assumed in the following form, so as
to satisfy the water’s bottom condition [B] in Eq. (4).

The undetermined kernel function (k) is easily solved so as to satisfy the free water surface condition
[F] in Eq. (3), as follows :

(k) = k+x,—iu o kK 1 + 2 ok -ikE
k(k—Kx,—iu)

Tk k—K,—iu

Here, the latter expression above is obtained by expanding the former into partial fractions, while g in
the numerator set to zero.

Substituting the above w/(k) back into G' in Eq.(11), it can be written as follows :

G =— ImD * gk (/=2 Hik(x=E) ﬁ}
0

f-z>0

+21m| | L ik g | et
0 k- (Ko + i/,l)
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Here, for the 1st term, since f—z is positive under the water surface, it can be expressed using an

arctangent function, similar to Eq. (10).

Z
Now, let us consider the semi-infinite integral with
respect to k in the above 2nd term by extending it onto the e Y
_____________________ 1
complex plane k+im®®. When the integral path goes f \ /

around the 1st quadrant for the downstream side

x—&>0 and the 4th quadrant for the upstream side

1
mmmmmemeap--a-

x—£& <0, theintegral atinfinity disappears respectively.

S
Z
=

Accordingly, the integral with respect to k£ on the real

axis can be transformed into an integral with respect to

m on the imaginary axis. In this case, since the simple —f |

pole x,+iu is located in the 1st quadrant, the residue

only generates for downstream x—¢&>0. Therefore,

tti th irtual fricti fficient d . . .
setiing e virtual friction coefficient 1—+0 an Fig.2 Coordinate system of Green’s function
combining the positive and negative cases of x—¢&, this for an vortex filament.

integral with £ can be evaluated as follows®©-® :

- e—m ‘x—rj‘—im (f-2)

. J, T dm 2w U (o x g 20)
OOe—k(./—Z)Hk(X—ﬁ) 0 m +l'K0
j L — -
0 k- (KO + l,U) - efm ‘xfé‘ﬂ'm (f-2) ® e*m ‘Xfﬁ‘*fm (f-2)
j 7@1:.[ dm (forx—E<0)
0 m—IiK, 0 m+iK,
o e—m ‘x—f‘—im (f-z2) o e—m ‘«\”—5‘—[’" (f-2)
- Re I C  iml|+isgn(x—&)-Im I s
0 m+iK, 0 m+iK,
+ i e MUKy (x=E) | { 1+sgn(x — 5)} ......... (14)

Here, (...) means taking the complex conjugate. And sgn(x—¢) is signum function and takes +1 or -1

depending on the positive or negative values of x—¢&.

Therefore, since G'in Eq. (13) takes the imaginary part, the 15t term in Eq. (14) becomes unnecessary

and G’ can be written as follows :

G' = tan™ f=z
x=¢
" e—m‘x—cf‘—im (f-2) )
+ 2 Im| sgn(x — §)~I - dm+nmi e_K”(f_z)HK”(x_é)-{ l+sgn(x—§)} -+ +(15)
0 m+iK,

Furthermore, the integral in the above equation is performed by substituting the real variable m with

the following complex variable w, and Y is defined as follows :
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w=(m+ik,)Y
where, Y:|x—§|+i(f—z)

Accordingly, the integral with m can be rewritten to the following integral with w, and it can be

expressed as an exponential integral E, for complex arguments ™.

- e—m ‘x—f‘—im (f-2) - e—mY ) © o (m+iry)Y
[ e [ e [,
0 m+ik, 0 m+ix, 0 m+ik,
-w
o0
i 1Y e i 15 Y .
) J‘ dw = e'*o El(lKOY) ................... (17)
iKgY w

Here, the above equation exhibits the following asymptotic behavior, according to Eq. (45) described in
next section, and disappears at infinity « |Y | — ©.

%Y p (i Y ~ 0 L 18
e 1(1 0 )KO‘YPOO KolYl ( )

Therefore, the regular part G’ in Eq. (15) can be expressed using E,(ix,Y ), as follows :
11K

G =—tan" 2=

x=¢

+2 Im[e"""YEl(iic0 Y)-sgn(x—&)+ i e 7R (=), {1+sgn(x- 5)}]

=-0 +2 Im[e"’“@YEl(izcoY)]-sgn(x—g)
+27z-e’(ﬂ(sz) COSK‘O(X—g)'{l-FSgn(x—f)} ............................ (19)

Here, the 1st term represents the clockwise vortex —@' located at the mirror image position (&, f), the
2nd term represents the local disturbance wave due to the property shown in Eq. (18), and the 3t term

represents the trailing free wave generated only downstream x—&£>0.

As a result, the Green's function G in Eq. (9) can be expressed as follows by adding G' in Eq. (19) to
the principal solution 6.

G = (tan"' % —tan”' %J +2 Im[ei””YEl(i/coY)]-sgn(x—f)

12 e cosky(x—&)-{ 1+sgn(x— &)}

= Gr+G€+G/ .........................................................

Here, the sum of the 1st term, the principal solution 6, and the 2nd term, the ordinary mirror image

vortex —@', is denoted by G, , and together they satisfy the rigid wall condition at the water surface as

shown by Eq. (565) in the section after the next one. The 3rd term corresponds to the local disturbance

wave G,, and the 4th term corresponds to the trailing free wave Gf , as mentioned above.
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E (ix,Y) in the 3"d term of G, is the exponential integral extended to complex plane as adopted in

Eq.(17), and can be calculated by the following formula :

w

E (iK,Y) = jmy% dw
Where, iK0Y=—K0(f—Z)+iKO|x—§| ..................................... (21)

=—x,[ +iK,|%|

Here, J} and ¥ are abbreviated for the convenience in the following sections, as follows :

=z (>0) } .......................................................... ©2)
x-¢

=~
Il

2.3 Calculation method of E (ix,Y) by switching three expansion forms

The exponential integral E(ix,Y) of Eq. (21) in the previous section is written by introducing the

complex variable 7 for convenience of analysis, as follows :

w e W
E\(n)= Jn T dw

. s . ; 7
where, n=iKkY =k f +iK,|¥|=K,Re'® (for, E<@<7z)

This section explains a method for calculating £,(77) by switching three types of expansion forms, (a)
Taylor expansion, (b) continued fraction expansion and (c) asymptotic expansion, depending on the value

of 77, as the following order :

(a) Taylor expansion

First, let us consider the Taylor expansion ®» &b of £ (7). Since the integrand for E,(77), defined
by Eq.(23) on complex plane w=u+iv, vanishes at infinity of u >0, E,(77) can be expressed by carefully
considering the integration interval such that the path goes through u =0 and u# =1 on the real axis, as
follows :

B = (] [ ) = [ 202D gy [ 120D

1 w 1 u

= j; % dw — U: 1_:_‘47 du + I; 1_;_” duj + Ulw % du — J.lm 1_;_“ du]

:_L']%dw—].: e_v;)_l dw—(J-: 1_:—u du— lmiduJ

Here, the 1stterm is the logarithmic term, the 2nd term is denoted as /,, and the 34 and 4t terms

enclosed in parentheses are denoted as 7, , .
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The exponential function e™ in the integrand of /, is expanded into a Taylor series, as follows :

w

e =1+ i(—l)" '
n=l .

n

Therefore, by integrating the series term by term, /,(77) is obtained as follows :

I, (n):i{%jél e dw}:i{ﬂ[%n} }:i{(_l)nnn_n} .............. (26)
n=1 . .

n=1 n! 0 n=1 n!

Regarding /,,, based on the definition of the Napier’s constant e, the reciprocal of e can be rewritten

by putting m'=m+1, as follows :

m (l—lyj 1 m'
j = 1;m—m1= lim (1—-}

lim| 1+ —
m-—o0 m

1 1 o m Y 1
— = —1lim =lim|1-
e ( 1]’" moo\ 41 Mo m+1

L

Hence, ¢™ in the integrand of /,, can be expressed by putting n=m'u , as follows :

o =[lj = {Lim [1_LJ } = lim (1_LJ - ﬁm(l_ﬁj ................. (28)
e m —»0 m m —0 m n—»0 n

Therefore, substituting the above e™ into /,, of Eq.(24), it can be calculated by following equation :

1—lim(1—”j | 1—(1—”) 1
o0 n—oo n o0 . n n n
L= — du—jlzduzlljri jo—u du—J.l;du
= lim{ ¥(n)—log,n } ................................................... (29)

Here, the 2nd term can be easily integrated and becomes a logarithmic term. %(n) in the 1%t term can

be obtained by expanding it into a series after performing substitution integration by setting 7=1——,

n
and then integrating term by term, as follows :
1—(1—”) g
Ymy=[ ——" du=[ ——dr
m=[,— (v
1
:J-l[ZTHJdT:Z(J‘ITdeT): {T_} :Zl .................... (30)
0 =1 =1 0 =t LJ dy =t J

Thus, 7, ,in Eq.(29) can be obtained as follows, and is found to be Euler's constant y .

]3’4 = lim{ (Zn: i) — loge n } =) (20.57721-w) ettt (32)

n—ow _f=1 j
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Therefore, substituting the results from Egs. (26) and (32) into /,(7) and /,, in Eq (24), the

exponential integral £ (77) can be expressed as a Taylor expansion form, as follows.:

E1(77) = —13,4—10&377—[2(77) = —)/—logeﬂ_Z‘ (7;77}3!

Now, if we use Euler notation for 7 , such as U:KORei@ from the latter definition of Eq. (23), its

absolute value R and argument @ can be written by using the abbreviations f” and x in Eq. (22), as

R=\#+

j .......................................................... (34)

follows :

O =tan™ ( xﬁ

-f

Using the above R and @, if we separate E,(77) in Eq. (33) into the real part E. and the imaginary

part E_, it can be expressed as follows :

o0 an o0 }’IR” .
El(n):—}/—logEKOR—ZK" -cos n(@+rm)+i —@—Z Ko -sin n(O + )
wa nen! = n-n!
EEc+iEs .......................................................... (35)

For convenience in subsequent calculations, we multiply E,(77) by e’ and define its real part by H.,.
and imaginary part by H respectively, as follows :
e"E\ () = ¢ (E 1 i)
= ¢/ (E.cos x, |- E, sin &, |%])+i e/ (E_sin «, |%|+ E; cos «, |x])

HC (77) +1 HS (77) ................................................. (36)

In the above equation, 7 uses the latter part of Eq. (23).

(b) Continued fraction expansion

Next, according to Abramowitz's Handbook of Mathematical Functions ™, FE () in Eq. (23) can be

expanded into a continued fraction, as follows :

Specifically, the product of E,(77) and e "7 above can be expanded in ascending order (n—>n+1), as

follows :
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1 1 1 1
B AR T 1 mr 1
1+— 1+ +— e (38)
0 2 2
2 n+ 5 n+
I+— 1+
3
n+ 3
I+—
Q4
Here, (2, in the above is defined by the following equation :
Q-n+ nn o S ettt (39)

1+

n+l

Since 17 =—k, /} +iKO|fc| according to the latter of Eq. (23), the real part ¢, and imaginary part &, of

£, can be continuously calculated in descending order (n+1—n), as follows :

2
_ 7 n (f n+l + n€n+l)
&, = _Kof + gz ) 2
n+l + nngl +n
2
. n-o

5n = K, |x|+ - n+l i SRR LR

., +2ng,  +n

_ _ 2 2
whert, £n+1 - |‘Qn+l =€ +5n+1

As for the calculation procedure, starting with the initial term 2, , =7, we obtain ¢, =—x, f and

S, =Ko|fc|. Subsequently, by continuously calculating using Eq. (40), 2, =¢& +iJ, is determined.

After careful consideration, the number of terms to start the calculation was set to n = 15.

As aresult, H.(n)+iH(n) defined in Eq.(36) can be determined using Eq. (40), as follows :

1 1 & —1i0,
e"E(n) = — = S M|
17) Q& +if, 0

= H () + i H () rerrrrrrrseemmneee..

(c) Asymptotic expansion

Third, we consider the asymptotic expansion® of an exponential integral E,(77) .

parts for E,(n7) in Eq. (23), it can be written as follows :

E1(77) = _I: (e—w)' % dw = —‘:e_w. lilw_’_ I:e—w(l] dw

By integrating by
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Performing the same operation 3 times on the integral term, E,(77) can be calculated as follows :
(o1 11 21 i
E1(77)=€ (___ ] 3|J. .................................... (43)
n

Furthermore, by repeating this operation N times, we can obtain the following asymptotic expansion
for E,(n7) :

— o7 a1 (=1)! _1\N wi ......................... 44
En) =e Z{( 1) pe }+( 1) N!IU —rdhw (44)

Here, if the integral term in the 20 term is omitted as a remainder term when |77| =R — o, then real
part H_. and imaginary part H, defined in Eq. (36) can be calculated by using the Euler notation

n=x,Re'® for n , as follows :

SE,(17) ~ z{( 1" q(n- )-e—inQ}

[ = (x,R)"

n=l1 0

< a1 (n=1)! S pr (n=D!
:Z{( 1) Z”R" cos n® _’Z -1 PO sin n@®

=H () +iH(57) et (45)

However, since the above equation a divergent series, when the nt* term is denoted by a, and the
(nt+1)th term by a

n+l?

the computation of the asymptotic series continues as long as | a,|>|a,,,| holds.

Based on the above results, the ratio between the two is the former below, so the number of truncated

terms N of the asymptotic series is determined by the latter condition below :

(d) Calculation method

1051007 957
by switching between (a), (b) and (c) °

H_ and H, were computed radially as shown in Fig.

3, using three types of expansion forms, namely, (a)

Taylor expansion in Eq. (36), (b) continued fraction
expansion in Eq. (41), and (c) asymptotic expansion in
Eq. (45). Specifically, the radial distance K0R=|77|
ranges from 1 to 50, and the argument @ 1is indicated in

the figure. By comparing the three, we examined which

expansion form should be used for which region of 2nd

quadrant on the complex plane.

Fig.3 Domain partitioning in the 7 -plane.
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As a result, in order to switch between the three expansion forms (a), (b) and (c) for calculation, the

domain was partitioned as shown in the following equation and Fig. 3 :

K, |fc| <10, x,R <30 : (a) Taylor expansion
K,|%|>10, x,R <30 : (b) Continued fraction expansion ~p **°"'"trriirriirirotets (47)
x,R 230 : (c) Asymptotic expansion

The calculation results, obtained using the above switching method, were confirmed to be correct by

comparing them with Abramowitz's Mathematical Tables(.

2.4 Expression for the derivatives of G

We derived the wave-making Green's function G due to a vortex in Section 2.2, but to solve an actual
boundary value problem, it is necessary to obtain the expression for the derivatives &2 of G with respect

to x and z, as shown by the wing surface condition in Eq. (5).

First, let us consider the derivatives of G, in the 274 term of Eq. (20). We combine x and z, and denote

them collectively by s, (=1, 2), as follows :

s, =x (j=1
S/_:{ 1 (f. D (48)
’ s,=z (j=2)

Then, the derivative of the integral exponential E, (ix,Y) in Eq. (21) with respect to Y is calculated
by putting n7=ix,Y , as follows :
e o ne” dn e

E(lKY) Ll gw=-2 dw- =L == g =T e (49)
aY iKY 677 EIVY ay n Y

Therefore, the partial derivative G-» of e™'E 1(ix,Y) with respect to s; can be obtained ®? by using
Y=|fc|+if’ in Eq. (16) and H, and H, in Eq.(36), as follows :

0 iKY . 0 [ iy . oY
e GO e C I
:{—l-i—ilfoei’(”YEl(iKoY)}-@Y
r Os;
—| = xA +KH(1KY) +i fA +K0H(<(l'KUY) al ........ (50)
B s ' Os;

Here, the above S—Y 1s obtained from the latter part of Eq. (16), as follows :

S
oY oY R
— =—=sgnx
081 OX e (51)
oY oY

8s2 S0z
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Then, the derivative of G, in Eq. (20) with respect to s; can be calculated as follows

6G 0 iK, - N e e s s e s s s s ee e s s s es e st ee s s s e s st es e
6s —ZIml:aS{ YE,(zKOY)}]sgn (52)

J

Therefore, substituting Eq. (50) and (51) into above, it can be obtained for j=1 and 2, as follows

ﬁzﬂzz{ fA +x,H (lKY)}(Sgnx) = 2{ S +K0HC(iK0Y)}
ox 651 f f ........ (53)
%=Z—SG;:2{ jf +K‘H(1KY)} sgnfc:Z{Aff +KH(1KY)sgnx}

Here, in the latter part of the above equation, |fc|sgnfc =X isused.

Next, the derivatives of G, in the 1st term of Eq. (20) are easily calculated as follows

oG, _ __zf . ==f 2] /

ox Prz+f)  FrE-f) FrQ =1V T4 | e (54)
oG, i i B i i

0z F+(+f) F+E-f)  FrQf-f) 24

Here, the above values at z = 0 on the still water surface are obtained as below, and the z-component

is zero. It can be seen that the ordinary mirror image model satisfies the rigid wall condition

A2 2
ox X+ f
.......................................................

ac;,} _ 0
z=0

66’1 2f
z=0

oz

Then, the derivatives of Gf in the 3t term of Eq. (20) are also easily calculated as follows :

oG,
ox
26,
Oz

= - 27k, (1+sgnx) e ™ sin k%

K

Ccos K'x

=27k,(l+sgnx) e

Here, by using the abbreviation of Eq.(22) and z= f - f , Egs. (54) and (56) above are expressed in

terms of ¥ and f"
. oG oG , .
Based on the above results, the derivatives — and . of Green’s function can be calculated by
X z

superposing the three components of G, in Eq. (54), G, in Eq. (563) and Gf in Eq. (56) respectively, as

follows :
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oG _ 06, , G, , 26,
Oox Ox  Ox Ox
S et S ~+2x,H (ix,Y) - 27K, (1+5gnX) e/ sin KX

Pref-f)? P+
oG 0G. oG, 0G,
—L + —L 4+ =

I

E 0z 0z ox

X X «f N
~ — oS K, X
X+Qf-f)y x+f

~+2x,H(ixY)sgnx + 27Kk, (1+sgnx) e

The 2rd term in both equations above is the sum of the 2rd term of Eq. (54), which represents a clockwise
ordinary mirror vortex —&', and the 1t term of Eq. (53), which represents the local disturbance wave G, .
It can be seen that this represents the induced velocity due to the counterclockwise reverse mirror vortex

0’ with the same rotational direction as the principal solution 6 placed underwater.

Thus, the sum of the 1st and 2rd terms of Eq. (567) is expressed on the still water surface f:f, as

follows :
aﬁ = zzj_f"z+ 2f"z =0
OX | Ist+2nd term of Eq.(57) X+ Qr-f X+ f
onz=0" T T T seiesesessssesesssses st (58)
E _ X + X 2%
0z |Ists2ndtermof Eg.57) ¥+ Qf—F) B+ fP 40

on z=0

In the case of the reverse mirror image model written above, the x-component becomes zero, contrary

to the ordinary mirror image one in Eq. (55).

3. Solution Method for Boundary Value Problem and the Lift Force

By solving the boundary value problem, the vortex strength on the wing surface is determined, and

the resulting lift force is calculated as the sum of these vortices.

3.1 Method for determining the vortex strength I,
The wing surface condition [H] in Eq. (5) can be expressed using the ¢ in Eq. (7), which consists of n
vortex filaments 7, (£,,-/,) and their Green's function G(x, z; &;,—f;), as follows :

Lo 06, z;6,—f;) Lo 0G(, z;6,—f;)
ox

n(2) Y. T, +n,(x2) Y. T, P =27Un,(x,z) "ttt (59)
J=1 J=l z

The above equation must hold at the n computational points (x, z), including the trailing edge of the
wing, as shown in Fig. 4. Therefore, since it becomes a simultaneous equation with n variables in a
discrete manner, by solving it, the unknown quantity 7, (j=1~nr) can be determined. Then, the vortex

filaments and computational points are densely arranged near the leading and trailing edges of the wing.
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In this case, the numerical computations U n
were performed with n=111. The Kutta
condition [K] in Eq. (6) is satisfied by placing ~._.
the normal vector at the trailing edge on the
mean camber line and setting the vortex

strength at the trailing edge to 77, =0.

For a thin wing with a wing thickness of

t=0, the vortex filaments are placed on an N
actual camber line with an angle of attack, X EHREAA s

and the boundary condition [H] is satisfied on Fig.4 Arrangement of computational points
that line and vortex filaments on the wing surface.

3.2 Lift Coefficient

Since lift L is determined by the summation of the discretely solved vortex strengths I, according to

the momentum theorem ©b), the lift coefficient C, can be calculated using the following formula :

L pUZ T no I
CL — — j=1 =2 I A R R R R LI (60)

1 2 1 2 i=1
—pU-c —pU-c J
2P 2P

Now, in the following numerical calculation examples, the wing thickness ¢, submerged depth f, wave

height £ , and coordinate values x, z all represent dimensionless lengths based on the wing chord length

c.
. C, . C,
Fig.5 shows —% for a thin wingof r=0 20 ——%
(24 A
at angles of attack & =10° and 20°, which is [ T
plotted on Fn basis. For shallow 715 [~ -
I S
submerged depth f=0.5, the peak value i /I \‘
i o/
occurs about F»=0.55. On the other hand, /¢ __/__ =7
e an = - -
as the depth increases to f=1.0 and 3.0, Y Y
the values approach the theoretical value 3
27 in an infinite fluid, and the fluctuations
caused by Fn also become smaller. 00.2 — 04 — 06 — 0.8 ‘ 1.0

However, in the case of shallow depth, C,

. . ) . Fig.5 Lift coefficient of a thin wi
and o are not in a linear relationship, so the 1g.5  Latt coefficient of a thin wing
(t=0,x=10°20°)

C . .
value of == normalized by a expressed in
a

radians, also takes on different values while the angle of attack a changes, as shown in the figure. Here,

Fn on the horizontal axis represents the Froude number based on the wing chord length ¢, and as defined
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in the latter part of Eq. (3), it has the following number :

e R R R (6 1)

NEZEEN Y

4. Wave Profile and Wave-Making Resistance

By applying Bernoulli's principle to the water surface z=¢ and using the fact that no disturbance

occurs at infinitely upstream x — o, the flow field constants is determined and it can be written as

2 2
1 o o U e
— | U+—| +| —| ; + =——(=Const. (62)
(o2 (2] oo ccom

By linearizing the above equation, the wave height £ can be calculated by the x-component of the
disturbed flow velocity on the still water surface z=0. And using the notation of Eq. (8) into 6_¢ ¢ is

’
X

follows :

obtained in the following form :

U og I & L 0G(x05&,-1)
cw=-=L1 - r
g ox]._, 2rxU 55 ox

. . oG . .
Furthermore, using the result from Eq. (57) into the above —, the wave height { can be written as
X
follows, and it indicates that £ is obtained by the superposition of disturbed velocity due to each vortex

filament r.:

é'(x):ﬁif‘/{HC(—Kofj+iK0

J=1

x=& -z (1+sgn(x—¢&)e ™ sin k,(x—&) } ------ (64)

Here, on z=0, the 15t and 27 terms of the x-component in Eq. (57) cancel each other out by getting
f =1, as shown in Eq. (58).

Fig 6 shows the wave profiles 3 1.0
obtained for the NACA0012 airfoil aof
t=0.12 with f=0951 , «a=5° and
Fn=0.567 , and is compared with other

a5

results. The vertical axis i1s the wave
height { normalized by angle of attack &«  _.g3

expressed in radians.

The absolute value of wave height for

t=0.12 islarger than that for =0, and by

L

-1 0 1

[
¥
LY

taking the wing thickness into account, it -

) . ,
is approaching Duncan’s measured wave Fig.6 Comparison of wave profile ¢

profile ®. Although the absolute value of (£=0.951,a=5° Fn=0.567).


https://vixra.org/author/tsutomu_hori
https://vixra.org/author/manami_hori

p. 17 /23

Simulations of Water Wave Generation caused by Running Hydrofoil
by means of Wave-making Green’s Function due to 2-D vortex

the wave height in the valley directly above at the wing x [ 0 is somewhat smaller, it can be seen that
they almost overlap downstream. The presented wave profile for t=0.12 overlaps with Suzuki and

Hino’s calculated value® because they were calculated under the same linear free surface conditions.

On the other hand, at infinite downstream x — o, the local disturbance H_ of 1t term in Eq. (63)
disappears due to the asymptotic characteristics of Eq. (45) and only the trailing free wave of 2nd tem

remains, so the wave height ¢ can be obtained as follows :

(x) ~ %{cos Koxi (1“/ e 7 sin Kogj)—sin Koxi ([‘/. e ™ cos Kofj)} """" (65)
x = j=1

—>0

As a result, the wave amplitude £, at downstream can be calculated by the following equation

2 2
2 S o fr z I P
S, = —\/ [foe "7 sin K@/} + (Zf_/.e "1 cos Kocfjj (66)

Jj=1 J=1

20 r— Cu'

Therefore, the wave-making

—— =20°
a=15°; f=0.5

resistance R, can be calculated as
- aem e a=10°

proportional to the square of the wave 15 - a2
amplitude £, in Eq. (66) based on the

momentum theorem ¢, and the wave- 10

}f=1.0

—mwwe 10"

- o wo f=38

making resistance coefficient C,, can

be determined as follows :

1 2 )
C, - R, _ 4pg§A R (é’*’j

1 1
EpU2c EpUzc 0.3 0.4 0.5 0.6 0.7 0.8

Fig.7 Wave-making resistance coefficient of thin wing
(1=0,a=10°,15°, 20°).
Fig. 7 shows the wave-making

resistance coefficient C,, , normalized by «, for a thin wing of ¢ =0 similar to Fig.5, and is plotted against
Fn. It can be seen that in the case of shallow submerged depth f,; C,, is not proportional to a’, even

when the wing thickness is 1=0.

5. Component Separation of Flow Velocity Vectors

Fig. 8 shows the results of a simulation of the flow field around NACA0012 airfoil by separating into
its components. The running state of wing is thickness #=0.12, an angle of attack a«=10°, the
submerged depth f=0.5 and Froude number F»=0.399. In the figure, the flow velocity vector and

wave displacement are drawn superimposed.

Fig.(A) shows the flow in an infinite fluid when the wing is represented by a clockwise underwater

vortex, corresponding to the principal solution —& of the Green's function in the 1st term of Eq. (57).
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Fig.(B) is a flow field generated by a reverse mirror vortex —@" located at the aerial mirror image
position across the water surface with the same attack angle of underwater wing, corresponding to the

2nd term 1n Eq. (67). As a result, the flow direction is clockwise, similar to (A).

Fig.(C) shows the velocity component due to the local disturbance wave, corresponding to the 3rd term
in Eq. (57). Since the flow generated by this disturbance H_, and H, is counterclockwise direction,
opposite to (B), it represents an ordinary mirror image state placed with an angle of attack opposite to

(A). The magnitude of the flow velocity obtained is approximately twice that of (B).

Fig.(D) is the flow field caused by the trailing free wave described by the 4th term in Eq. (57), where
there is clearly no flow at upstream of the wing, and the flow velocity becomes nearly zero due to the

-x.f

factor e as the water depth increases.

Fig. (E) shows the total disturbed flow velocity superimposed on (A), (B), (C) and (D). Near the
downstream water surface, the flow of the trailing free wave from (D) is prominent, while directly above

the wing, the flow in the infinite fluid shown in (A) is dominant.

Fig. (F) represents the result of adding a uniform flow to the total disturbed flow drawn in above (E).
It can be seen that the flow follows the wing surface around the wing and follows the wave profile near

the water surface, so the result demonstrates the validity of this flow simulation.

(A) Infinite Fluid (B) Reverse mirror Image

....................

. T
‘‘‘‘‘‘‘ v AR R R L L LR e e e
rrrrrr JH' B T T S
::::: 1

N S

TS B AR \\“ ..............

Ceaaean PR

\\\\\\

(C) Local Disturbance Wave (D) Trailing Free Wave

(E) Disturbed Flow : (A)+(B)+(C)+(D) (F) Total Flow Field : (E) + Uniform Flow

-y 5

~

Fig.8 Components of the flow velocity vector. ( 1 =0.12, «=10°, f=0.5, F»=0.399).
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6. Pressure Distribution

The dynamic pressure around the hydrofoil, excluding hydrostatic pressure p, —pgz (where p, is

atmospheric pressure), can be calculated using Bernoulli's principle, as follows :

2)-(2]
p—(p,—pgz) _ _U@ ox oz

2 Oox 2

In deriving the above equation, no disturbance flow occurs at an infinite upstream x — o , only
uniform flow U remains, so p=p, was set on the still water surface z=0. And, the disturbance
velocities in the above equation can be computed by the superposition of induced velocities from 7 vortex

filaments ", (¢ ,-f,), as shown in Eq. (8) of Chapter 2.

Fig.9 shows the pressure distribution around the NACA0012 airfoil of #=0.12 under the calculation
conditions of angle of attack o =5°, submerged depth f=1.286 and Froude number Fn=0.567. The
results of present method were compared with the numerical solution by Hino 9. The good agreement

between the isobars of both methods confirmed the validity of this calculation method.

Fig.9 Comparison of pressure distributions in present method (Left) and Hino (Right).
(t=0.12, a=5°, f=1.286, F»=0.567).

Next, Fig. 10 shows the simulation results for the NACA0024 airfoil with thickness ¢t =0.12, angle of
attack a =5°, and submerged depth 7=0.5, depicting the changes in isobaric lines, flow velocity vectors,

and wave height for advancing speed Fn of 0.55 and 0.77.

(3]

Fn=0399

Fig.10 Isobaric lines, flow vectors, wave profiles for Fn =0.399 (Left) and F»=0.399 (Right)
(=024, a=5°, f=0.75).
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7. Simulations of Water Wave Generation

Wave height ¢ can be calculated by superimposing the induced velocities in the x-direction on the still

water surface from each vortex filament 7”,, as given by Eq. (67) in Chapter 4.

Fig. 11 simulates the wave generation phenomena for the same NACA0012 airfoil of =0.12 as in the
previous chapter, with fixed submerged depth f=0.5 and angle of attack a=5°, while gradually
increasing the Froude number F», and is shown by the black thick lines. For comparison, the wave
profile approximated as a thin wing of =0 is shown by the blue thin line. It can be seen that the wave

height of generated waves increases depending on the wing thickness.

As shown in the figure, the wavelength of the generated wave increases as the advancing speed Fn
increases. Here, the wavelength A of generated waves, namely the trailing free wave at downstream,

is proportional to the square of Fr, in the following form :

Fn=10.282 (Ai=0.5) 02

e
-

-2 -15 -1 05 g2 05 1 15 2 25 3

T —_— =012

-0.8 — =0

Fu=0564 (i=2) , ¢ A % Fn=0.691 (4i=23) 02 & x
. P A

-2 -5 - -05 9 ;:y': 15 Ma 2 s A =05 @:-\Mw 2 25 3
B

Fn=10.798 (i=4)

-2 -15 -1

Fig.11 Simulation of varying Froude number Fr» (=05, a=5°).

Fig.12 Simulation of varying thickness ¢ (a=10°, f=0.5, @ =5°, Fn=0.399).
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Next, Fig. 12 is simulations of the generated waves for the angle of attack & =10°, submerged depth
f=0.5 and Froude number Fr=0.399 fixed all, while varying the thickness f of the NACA airfoil. Itcan

be seen that increasing the wing thickness also increases the wave height, as similar to Fig.11.

Furthermore, Fig. 13 shows the result of simulations for the fixed submerged depth f=0.6, Froude
number Fn=0.399 and thickness #=0.12, while varying the angle of attack «. Similar to Fig.11, it also
shows the wave profile approximated as thin wing ¢=0, depicted by blue lines. This indicates that the

increase in wave height with increasing angle of attack is well simulated.

Fig.13 Simulation of varying angle of attack a (£ =0.6, Fn=0.399).

8. Concluding Remarks

Wave-making simulations of a hydrofoil running at high speed were performed for NACA wings using
a boundary element method based on wave-making Green's function due to a two-dimensional vortex
filaments, developed by authors. In the numerical calculation of the Green’s function, we proposed a
computational method that switches between three types of expansion forms, namely, Taylor expansion,

continued fraction expansion, and asymptotic expansion, depending on the case.

It was confirmed that the lift and wave-making resistance acting on a hydrofoil can be computed with
high precision, and that the flow field and pressure distribution around the hydrofoil and the generated
waves can be accurately simulated. As a result, quantitative insights were obtained regarding the
dependence of the wave-making phenomena on wing thickness, Froude number, submerged depth, angle

of attack and other factors.

The future challenge is extending this approach to three-dimensional problems.
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In addition, it should be noted that flow velocity vectors and isobaric lines in Chapters 5 and 6 are
drawn by using Gsharp of Ver. 2.0 for Windows, a graphing software developed by Japan Electronics
Computer Co., Ltd..
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